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Abstract— As an emerging and promising molecular imaging
modality, bioluminescence tomography (BLT) can reconstruct
the internal light source with the photon fluence on the small
animal surface to reveal non-invasive molecular and cellular
activities directly. In order to obtain higher precision and
better spatial resolution in source reconstruction, the solution
accuracy for the forward problem of BLT should be improved
as high as possible. In this contribution, we present a modified
element free Galerkin method (MEFGM) to calculate photon
propagation in the biological tissue. This method is based on
moving least squares (MLS) approximation which requires only
a series of nodes in the region of interest, so complicated
meshing task can be avoided compared with finite element
method (FEM). Furthermore, MLS shape functions are further
modified to satisfy the delta function property, which can sim-
plify the processing of boundary conditions in comparison with
traditional meshless methods. Finally, the numerical simulation
experiments demonstrate the effectiveness and feasibility of this
proposed method by comparing the solution of MEFGM with
that of FEM.

I. INTRODUCTION

Small animal molecular imaging has been rapidly de-
veloped and applied to biomedical research over the past
years [1]. As a new optical molecular imaging modality,
bioluminescence tomography (BLT) has become an effective
approach for in vivo imaging because it not only can reveal
in vivo cellular and molecular processes selectively and
directly, but also has high sensitivity and cost-effectiveness in
comparison with other imaging techniques [2], [3], [4]. The
goal of BLT is to reconstruct the internal bioluminescent
source with the measured bioluminescent signal on the
external surface of a living small animal, which can be used
for tumorigenesis studies, cancer diagnosis, gene therapies,
metastasis detection, drug discovery and development etc.
The forward problem of BLT, which describes light transport
in tissue, is employed not only to predict the distribution of
the bioluminescent light on the object surface, but also to
generate a sensitive matrix that relates the measurements
to the internal optical properties and will be used in the
inverse problem [5]. Therefore, the accuracy improvement
of numerical solution to the forward problem of BLT is
favorable to enhance localization and quantification of the
reconstructed bioluminescent source.
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In bio-photonics, the diffusion equation has been com-
monly used to model photon propagation in the biological
tissue because the radiative transfer equation (RTE) is ex-
tremely computationally expensive for its integro-differential
nature [3], [5]. As we all know, analytical, statistical and
numerical techniques are three kinds of methods to solve
the aforementioned diffusion equation [5]. Among these
methods, numerical techniques are studied widely for high
efficiency and good applicability, and finite element method
(FEM) is one of the most typical and successful algorithms.
However, mesh generation and data pre-processing for FEM
is difficult and time-consuming, especially for three dimen-
sional irregular objects with complex internal structure [5].
In this paper, a modified element free Galerkin method
(MEFGM) is developed to solve the forward problem of BLT
firstly. Compared with FEM, MEFGM uses only a series of
nodes and does not require node connectivity or element
data, which helps not only to avoid burdensome meshing
but also to describe complex inhomogeneous domains more
accurately [6]. Furthermore, the good accuracy and high
convergence rate of meshless methods have been proved,
and post-processing of calculation results is very simple [7],
[8]. In addition, a priori knowledge of the tissue optical
parameters should be incorporated in our algorithm, which
can be obtained from optical database or diffuse optical
tomography (DOT) [9].

The paper is organized as follows. The next section
introduces the proposed MEFGM algorithm for the forward
problem of BLT. In section 3, the performance of this method
is tested using square and cubic phantoms and compared with
the simulation results by FEM. Finally, the conclusion and
future work are provided.

II. METHOD

A. Diffusion approximation and boundary condition

In bioluminescence imaging, the propagation of biolu-
minescent photons in the biological tissue can be depicted
by steady-state diffusion equation because photon scattering
dominates over absorption [3], [10], [11]:

−∇·(D(x)∇Φ(x)
)

+ µa(x)Φ(x) = S(x) (x ∈ Ω) (1)

where Ω is the given domain; Φ(x) represents the photon flux
density [Watts/mm2]; S(x) denotes the bioluminescent
source density [Watts/mm3]; µa(x) is the absorption coef-
ficient [mm−1]; D(x) = (3(µa(x)+(1−g)µs(x)))−1 is the
optical diffusion coefficient, µs(x) the scattering coefficient
[mm−1] and g the anisotropy parameter.



When the bioluminescence imaging experiment is carried
out in a totally dark environment, the boundary condition
can be expressed as:

Φ(x)+2A(x;n, n′)D(x)
(
v(x)·∇Φ(x)

)
= 0 (x ∈ ∂Ω) (2)

where ∂Ω is the boundary of Ω; v(x) is the unit outer normal
on ∂Ω; A(x;n, n′) is a function to incorporate the mismatch
between the refractive indices n within Ω and n′ in the
surrounding medium. In our study, the measured outgoing
flux density Q(x) on ∂Ω is:

Q(x) = −D(x)
(
v·∇Φ(x)

)
=

Φ(x)
2A(x;n, n′)

(x ∈ ∂Ω) (3)

B. Modified element free Galerkin method

1) Moving least squares approximation: Moving least
squares (MLS) approximation is the basis of MEFGM.
According to the literatures [7] and [8], Φ(x) can be ap-
proximated by Φh(x) in the given domain Ω:

Φ(x) ≈ Φh(x) =
m∑

j=1

pj(x)aj(x) = pT(x)a(x) (4)

where pj(x) is the monomial basis function, and m is the
number of the basis functions; aj(x) is the non-constant co-
efficient which can be obtained by minimizing the following
weighted quadratic functional J(x):

J(x) =
Nn∑

i=1

w(x− xi)[pT(xi)a(x)− Φi]2 (5)

where Nn is the number of nodes in Ω; w(x− xi) denotes
the weight function related to the node x, and xi is a node
in the support domain of x for which w(x− xi) 6= 0.

After the minimization of J(x), the following linear
equation can be obtained:

A(x)a(x) = B(x)Φ (6)

where

A(x) =
Nn∑

i=1

w(x− xi)p(xi)pT(xi) (7)

B(x) = [w(x− x1)p(x1), · · · , w(x− xNn
)p(xNn

)] (8)

Φ = (Φ1,Φ2, · · ·,ΦNn
)T (9)

Solving a(x) from Eq. (6) and inserting it into Eq. (4),
we can obtain the following MLS approximation form:

Φh(x) =
Nn∑

i=1

Ni(x)Φi (10)

where the shape function Ni(x) is defined by

Ni(x) = pT(x)A−1(x)Bi(x) (11)

where Bi(x) stands for the ith column of the matrix B(x).
The partial derivatives of the shape function Ni(x) are

given by

Ni,s(x) = pT
,sA

−1Bi +pT[A−1(Bi,s−A,sA−1Bi)] (12)

where s represents a spatial variable.
In this contribution, the linear basis function

pT(x) = [1, x, y, z], m = 4 (13)

and the following cubic spline weight function are used in
the three dimensional case.

w(r) =





2/3− 4r2
i + 4r3

i ri ≤ 1/2
4/3− 4ri + 4r2

i − 4r3
i /3 1/2 < ri ≤ 1

0 ri > 1
(14)

where ri = ‖x − xi‖/dmax is the ratio of the Euclidean
distance between the evaluation point x and the node xi to
the radius of the support domain dmax.

2) Modified MLS shape function: Substituting x = xk

back into Eq. (10), we have

Φh(xk) =
Nn∑

i=1

Ni(xk)Φi = NT
k Φ (15)

where Φ represents the generalized photon flux density, and
Nk = [N1(xk), N2(xk), · · · , NNn(xk)]T. Then, Eq. (15)
can be further written as the following matrix equation:

Φ̂ = ΛTΦ (16)

where Φ̂ denotes the nodal photon flux density, and Λ
is referred to as full transformation matrix. They can be
expressed as:

Φ̂ = [Φh(x1),Φh(x2), · · · ,Φh(xNn
)]T (17)

Λ =




N1(x1) N1(x2) · · · N1(xNn
)

N2(x1) N2(x2) · · · N2(xNn)
...

...
. . .

...
NNn

(x1) NNn
(x2) · · · NNn

(xNn
)


 (18)

Therefore, the generalized photon flux density can be ob-
tained from Eq. (16)

Φ = Λ−TΦ̂ (19)

and

Φi =
Nn∑

l=1

Nl(xi)−1Φ̂l (20)

where Λ−1 is the inverse matrix of Λ. Incorporating Eq. (20)
with Eq. (10), we have

Φh(x) =
Nn∑

i=1

Ni(x)
Nn∑

l=1

Nl(xi)−1Φ̂l =
Nn∑

l=1

Ml(x)Φ̂l (21)

where Ml(x) =
∑Nn

i=1 Ni(x)Nl(xi)−1 is called modified
MLS shape function, and it satisfies the Kronecker delta
function property:

Ml(xk) =
Nn∑

i=1

Ni(xk)Nl(xi)−1 = δlk (22)



3) Numerical implementation of weak form: Based on
Galerkin method and Gauss theory, Eqs. (1) and (2) can be
transformed to the following weak form [10]:
∫

Ω

(
D(x)

(∇Φ(x)
) · (∇Ψ(x)

)
+ µa(x)Φ(x)Ψ(x)

)
dx

+
∫

∂Ω

1
2A(x;n, n′)

Φ(x)Ψ(x)dx =
∫

Ω

S(x)Ψ(x)dx (23)

Substituting Eq. (21) into Eq. (23), the matrix form can be
obtained as follows:

(K + C + F)Φ̂ = GΦ̂ = S (24)

where the components of the matrices K, C, F and the
vector S are given by





Kkl =
∫
Ω

D(x)
(∇Mk(x)

) · (∇Ml(x)
)
dΩ

Ckl =
∫
Ω

µa(x)Mk(x)Ml(x)dΩ
Fkl =

∫
∂Ω

Mk(x)Ml(x)/
(
2A(x;n, n′)

)
d∂Ω

Sk =
∫
Ω

S(x)Mk(x)dΩ

(25)

Since the matrix G is symmetric and positive definite, Φ̂ can
be computed with the formula:

Φ̂ = G−1S (26)

III. EXPERIMENTS AND RESULTS

In numerical simulation experiments, square and cubic
phantoms were designed to evaluate the performance of our
MEFGM algorithm respectively. Furthermore, we compared
the MEFGM computational results with the simulation data
by FEM.

A. Square phantom experiment

A square phantom with 30mm side length was used in this
experiment, and a square bioluminescent source of 1.0mm
side length and 1.0nano−Watts/mm2 power density was
centered at (15.0, 15.0), as shown in Fig. 1(a). The optical
parameters described in the reference [9] were assigned to
the square: µa = 0.035, µs = 6.0, g = 0.9 and n = 1.37,
which were regarded as a priori knowledge in our algorithm.
In MEFGM study, 31 × 31 uniform node distribution was
arranged in the above square, which is also presented in
Fig. 1(a). Finally, the bioluminescent photon flux density was
solved using our MEFGM procedure, and Fig. 1(b) shows
the corresponding computational result.

Besides, FEM was also employed to calculate the biolumi-
nescent photon density in the square in order to demonstrate
the accuracy of MEFGM. In FEM simulation, the square
domain was discretized into 4609 nodes and 8928 triangular
elements, as showed in Fig. 2(a), and then we used the inter-
polation method to compute the photon fluence at the points
in MEFGM simulation. Fig. 2(b) gives the corresponding
calculated photon fluence. The computational photon flux
density based on MEFGM was in good agreement with the
numerical result by FEM, with the average relative error
being about 0.88% as presented in Fig. 3.

Fig. 1. Square phantom experiment. (a) The square domain with 31× 31
uniform node distribution and a light source centered at (15.0, 15.0); (b)
The computational result using the MEFGM algorithm.

Fig. 2. (a) The discretized mesh used in FEM study; (b) The light exitance
map solved by FEM.

B. Cubic phantom experiment

In order to further validate our MEFGM algorithm, a
homogeneous cubic phantom with 20mm side length was
set up. Meanwhile, a single cube light source of 1.0mm side
length and 1.0nano−Watts/mm3 power density was em-
bedded into the phantom with its center at (11.0, 11.0, 11.0),
as showed in Fig. 4(a). The phantom optical parameters were
also specified as: µa = 0.035, µs = 6.0, g = 0.9 and
n = 1.37. We distributed 21×21×21 nodes regularly in the
cube. Finally, we obtained the bioluminescent light power
on the surface of the phantom with the developed MEFGM
algorithm, as presented in Fig. 4(b).

In addition, we also compared the above result with the
simulation solution by FEM. First, we divided the cubic
phantom into 15387 nodes and 81440 tetrahedral elements,
as shown in Fig. 5(a). Fig. 5(b) is the surface light power
distribution calculated by FEM. There is a good agreement
between the solution of MEFGM and that of FEM with the
average relative error being about 5.34%, as showed in Fig.
6. It is worth mentioning that all the computational results in
this section have not been processed by any algorithm like
normalization.

IV. CONCLUSION AND FUTURE WORK

Molecular imaging has been rapidly developed and used
to study physiological and pathological processes in vivo at
the cellular and molecular levels in recent years. Among
molecular imaging techniques, BLT has become a research
focus for its high signal-noise-ratio, low background noise



Fig. 3. Comparison between the solution of MEFGM and the result by
FEM.

Fig. 4. Cubic phantom simulation. (a) A cubic phantom with a series of
regularly arranged nodes and a light source; (b) The surface light power
simulated by MEFGM.

and high sensitivity. The research of the forward problem
of BLT is necessary because it helps not only to improve
the precision and spatial resolution of source reconstruction
but also to test the model of light transport in tissue. In
this paper, we have presented a novel MEFGM algorithm
to simulate the bioluminescent photon propagation in the
biological tissue. In comparison with conventional FEM and
boundary element method (BEM), the developed MEFGM
algorithm uses only a group of nodes without consideration
of element connectivity, so the troublesome mesh generation
can be avoided. Furthermore, the post-processing is simple
because the computational results have been already smooth.
The numerical studies show that the MEFGM results and the
FEM solution have the same tendency and good agreement.

Our future work will focus on employing the MEFGM
algorithm to reconstruct the bioluminescent source. The
corresponding results will be reported later.
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